The scale parameter Λ M S is computed on the lattice in the quenched approximation and for N f = 2 flavors of light dynamical quarks. The dynamical calculation is done with non-perturbatively O(a) improved Wilson fermions. In the continuum limit we obtain Λ 
Introduction
The Λ parameter sets the scale in QCD. In the chiral limit it is the only parameter of the theory, and hence it is a quantity of fundamental interest. Experimental information on Λ is obtained from the running of the strong coupling constant α s [1] . A theoretical determination requires non-perturbative techniques. In this letter we shall compute Λ on the lattice in the quenched approximation as well as for N f = 2 species of degenerate dynamical quarks.
Previous lattice calculations have employed a variety of methods to compute the strong coupling constant, in quenched and unquenched simulations. For reviews see [2, 3] . The scale parameter Λ has been extracted from the heavy-quark potential [4] [5] [6] , the quark-gluon vertex [7] , the three-gluon vertex [8, 9] , from the spectrum of heavy quarkonia [10] [11] [12] [13] [14] , and by means of finite-size-scaling methods [15] .
We determine Λ from the average plaquette and the force parameter r 0 [16] . Both quantities are widely computed in lattice simulations. In the quenched case we have many data points over a wide range of couplings at our disposal already, and in the dynamical case we expect to accumulate more points in the near future. At present r 0 is the best known lattice quantity, at least in full QCD. It can easily be replaced with more physical scale parameters like hadron masses or f π when the respective data become more accurate.
Method
The calculations are done with the standard gauge field action
and, in the dynamical case, with non-perturbatively O(a) improved Wilson fermions [17] S F = S (0)
where S
F is the original Wilson action and β = 6/g 2 . If the improvement coefficient c SW is appropriately chosen, this action removes all O(a) errors from on-shell quantities. A non-perturbative evaluation of this function leads to the parametrization [18] c SW = 1 − 0.454g 2 − 0.175g 4 − 0.012g 6 + 0.045g
for N f = 2 flavors, which is valid for β ≥ 5.2.
The running of the coupling is described by the β function defined by
where S is any mass independent renormalization scheme. The perturbative expansion of the β function reads
The first two coefficients are universal,
while the others are scheme dependent. The renormalization group equation (4) can be exactly solved:
where the scale parameter Λ appears as the integration constant. In the MS scheme the β function is known to four loops [19] :
where ζ 3 = 1.20206 · · · is Riemann's zeta function. In this paper we are concerned with three different schemes. In the continuum we use the MS scheme. On the lattice we consider the bare coupling g(a) and the boosted coupling g 2 (a). The latter is given by
where P = (1/3) TrU 2 ≡ u 4 0 is the average plaquette value. The widespread opinion is that the perturbative expansion in g 2 converges more rapidly than the expansion in the bare coupling [20] . Indeed, a comparison between the expansion coefficients in the two cases for the quenched plaquette shown in Fig. 1 supports this belief, as even for low orders the new series has oscillating p n x n , for x = g 2 (•) and x = g 2 2 ( and ), respectively. Open (solid) symbols refer to positive (negative) numbers. The bare expansion coefficients (•) are taken from [21] . Note that the boosted coefficients are not only much smaller and rapidly decreasing, but also alternating in sign.
coefficients. The conversion from the bare coupling to the MS scheme has the form
we obtain the relation between the boosted coupling and the MS coupling
By differentiating eq. (12) we can find the β function coefficient, b 2 2 , for the boosted coupling
The one-loop coefficients p 1 and t 1 are given by
where m is the quark mass. The quenched coefficients are taken from [22] , whereas the fermionic contribution, including the improvement term proportional to am, is computed in the Appendix. The pure Wilson (c SW = 0) result agrees with [23] , and the m = 0 result agrees with the number quoted in [24] . The m = 0 two-loop coefficients p 2 and t 2 are given by 
The two-loop am term is not known. The quenched coefficients can be found in [22] , whereas the fermionic contribution to p 2 is given in [25] , and t 2 has been computed in [26] . Combining these terms gives 
Note that t 2 1 ≪ t 1 , so that the series converting g 2 to g M S , eq. (18), is better behaved than the original series converting bare g to g M S , eq. (10). We can improve the convergence of the series further by re-expressing it in terms of the tadpole improved coefficients [20] 
We then obtain
with 
Changing t
is simply a matter of replacing every c SW by c SW and every m by m, but the change in t 2 2 is not so simple, because the coefficients of the c SW and c 2 SW terms change. We see that tadpole improvement is successful in reducing the two-loop fermionic contribution: the largest coefficient in the fermionic part of t 2 2 was 0.01442 . . . , in t 2 2 it is 0.00105 . . . . We are still free to choose the scale µ in eq. (22) . A good value to help eq. (22) to converge rapidly is to choose µ so that the O(g 0 ) term vanishes. Therefore we choose the scale so that
In the quenched case this gives µ = 2.63/a, while for N f = 2 dynamical fermions µ ≈ 1.4/a. Substituting this scale into eq. (22), we obtain the relationship
which agrees with [22] in the quenched case. The calculation of Λ M S proceeds in four steps. First we compute the average plaquette. From eq. (9) we then obtain g 2 . In the second step we use eq. (26) to calculate g M S at the scale µ. Putting this value of g M S into eq. (7) gives us µ/Λ M S . Finally we use the conversion factor eq. (25) to turn this into a value for aΛ M S . To convert our results to a physical scale, we use the force parameter r 0 .
Results
Let us begin with the quenched case. The plaquette values at β = 6.0, 6.2 and 6.4 are taken from QCDSF's quenched simulations [27, 28] . The r 0 values are taken from [6, 29] . At β = 5.95, 6.07 and 6.57 the plaquette values are obtained by interpolation (in the former case using data at β = 5.85 and 5.8 as well). In Fig. 2 we plot Λ M S r 0 against (a/r 0 )
2 . The corresponding numbers are given in Table 1 . The error is dominated by that in r 0 , so the use of interpolated plaquette data is justified. One expects discretization errors of O(a 2 ). Indeed, the data points lie on a straight line, allowing a linear extrapolation to the continuum limit. This gives
where the first error is purely statistical, while the second one is an estimate of the systematic error. The latter is derived by assuming that the higher-order contributions in eq. (26) Table 1 The quenched Λ M S r 0 values.
we find
(which does not include any overall scale error). Our result agrees very well with the outcome of previous calculations [9, 15] . Taking the ρ mass to set the scale gives [28] r 0 = 0.52(2) fm, which is consistent with the value that is used here.
In the dynamical case we use combined results from the QCDSF and UKQCD collaborations [30, 31] . The gauge field configurations were obtained using the standard Hybrid Monte Carlo algorithm with the non-perturbatively O(a) improved action (2) . Details of the extraction of r 0 /a will be given in [32] . For the quark mass we take the Ward identity mass. We compute this mass in the same way [33] as in the quenched case [27] , with the improvement coefficient c A taken from tadpole improved perturbation theory. The relevant parameters and results are given in Table 2 .
As we are working at finite quark mass, we have to perform an extrapolation to the chiral limit. In Fig. 3 we show the parameter values of our simulations together with lines of constant r 0 /a and m π /m ρ . This gives an impression of how far our simulations are from the chiral and continuum limits.
The value that interests us is Λ M S at m → 0 and a → 0. Given the fact that our action has discretization errors of O(a 2 ) only, at least as m → 0, we expect the following small-a behavior:
2 )), where Λ M S (a = 0) is not supposed to depend on m anymore. Similarly, we expect to find r 0 (a) = r 0 (a = 0)(1+b r am+O((a/r 0 )
2 )+ O ((am) 2 )), with the difference that r 0 (a = 0) may still depend on m: r 0 (a = 0) = r 0 (a = 0, m = 0)(1 + c r mr 0 + O((mr 0 )
2 )). Putting everything together, Table 2 The plaquette and r 0 /a values together with the quark masses and our results for Λ M S r 0 . The improvement coefficient c SW was taken from eq. (3).
we then arrive at the following parameterization of Λ M S r 0 for small a, m: where we have neglected terms of O((mr 0 ) 2 ), which we will justify later on. Note that effectively Λ M S r 0 can be written as a function of mr 0 and a/r 0 .
Let us now turn to the fit and extrapolation of our data. In the fit we assume that Λ M S r 0 , am and r 0 /a are uncorrelated. We find that the ansatz (29) fits the data very well (χ 2 = 3.1). The parameters B and C are strongly correlated though, indicating that it does not matter whether we are using am or mr 0 as the chiral extrapolation variable. Indeed, fixing C = 0 gives the same result for A and an almost identical value of χ 2 . If our ansatz (29) Figs. 4 and 5 . We see that it does indeed bring all data points onto one line. We also see that the deviations from the line are probably not statistically significant, so adding any extra term to the fit, like (mr 0 ) 2 , the deviation from the line is just going to give a fit to the noise. Note that the slope of the line in Fig. 4 is very similar to the slope of the corresponding quenched line in Fig. 2 .
In the chiral and continuum limit our fit gives
The first error is purely statistical, while the second one is an estimate of the systematic error, where we again have assumed that the higher-order contributions in eq. (26) 
A preliminary analysis of our dynamical data indicates that using either the nucleon mass, or even the ρ mass, to set the scale gives results that are consistent with the r 0 value used.
Comparison with Phenomenology
How can our results be compared with the phenomenological numbers? A fit to the world data of α s gives the average value at the Z mass [1] α
(m Z ) = 0.118 (2) , which corresponds to Λ N f =5 M S = 208(25) MeV. The latter value refers to an idealized world of five massless quarks and thus cannot be compared immediately to our numbers. We may extrapolate Λ M S r 0 to three flavors (remember that r 0 is extracted from the phenomenological heavy quark potential) and then evolve the corresponding α M S to the Z mass, using the three-loop matching formulae [35] . We do this by extrapolating ln(Λ M S r 0 ) linearly in N f to N f = 3, ignoring the fact that the strange quark mass is (30) shown is the statistical error only. (1 GeV) = 0.330(21) (19) . Taking the charm and bottom thresholds to be at 1.5 GeV and 4.5 GeV, respectively, we then find α . So one would expect that the lattice numbers extrapolate smoothly to the corresponding phenomenological value. We see, however, that this is not the case. The reason for this mismatch remains to be found.
Conclusions
Our quenched result agrees very well with results of other calculations using different methods. We find significant O(a 2 ) corrections. For example at β = 6.0, corresponding to a lattice spacing a ≈ 0.1 fm, they amount to ≈ 10%, which makes an extrapolation of the results to the continuum limit indispensible. In the dynamical case the data cover a much smaller range of a, which makes the extrapolation to the continuum limit less reliable. But it is reassuring to see that the continuum limit is approached at a similar rate as in the quenched case.
Our dynamical calculation is similar in spirit to previous unquenched computations of α s [11] [12] [13] [14] (albeit not exactly the same). The main differences are that we are using a non-perturbatively O(a) improved fermion action, which reduces cut-off effects, the conversion to g M S is done consistently in two-loop perturbation theory, and an extrapolation of Λ to the chiral and continuum limit is performed. 
We see that there is an unwanted am ln(a 2 q 2 ) term in eq. (35) unless c SW = 1 + O(g 2 ). Combining our calculation of Π with the calculation of the purely gluonic part in the literature [22] , we get our final result for t 1 (for general N c ): (1/a) will be slanted when plotted in a (am, β) plane. As one expects the contours of constant r 0 /a to roughly follow contours of constant g
(1/a), this term gives a possible explanation of the appearance of the sloped lines in Fig. 3 .
